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A GENERALIZATION OF THE GREENE-KRANTZ THEOREM
FOR THE SEMICONTINUITY PROPERTY OF
AUTOMORPHISM GROUPS
JAE-CHEON JOO
Abstract. A CR version of the Greene-Krantz theorem [14] for the semicon-
tinuity of complex automorphism groups will be provided. This is not only a
generalization but also an intrinsic interpretation of the Greene-Krantz theo-
rem.
1. Introduction
By the uppersemicontinuity, or simply, the semicontinuity in geometry, we mean
the property that the set of symmetries of a geometric structure should not decrease
at a limit of a sequence of the structures. For instance, a sequence of ellipses in
the Euclidean plane can converge to a circle, while a sequence of circles cannot
converge to non-circular ellipse. This property seems as natural as the second law
of thermodynamics in physics, but we still need to make it clear in mathematical
terminology. A symmetry for a geometric structure is described as a transformation
on a space with the geometric structure. The set of transformations becomes a
group with respect to the composition operator. Therefore, the semicontinuity can
be understood as a non-decreasing property of the transformation groups at the
limit of a sequence of geometric structures. One of the strongest version describing
the semicontinuity was obtained by Ebin for the Riemannian structures on compact
manifolds in terms of conjugations by diffeomorphisms.
Theorem 1.1 ([5]). Let M be a C∞-smooth compact manifold and let {gj : j =
1, 2, ...} be a sequence of C∞-smooth Riemannian structures which converges to a
Riemannian metric g0 in C
∞-sense. Then for each sufficiently large j, there exists
a diffeomorphism φj :M →M suh that φj ◦ Ij ◦φ
−1
j is a Lie subgroup of I0, where
Ij and I0 represent the isometry groups for gj and g0, respectively.
The group of holomorphic automorphisms on a complex manifold plays a role of
the group of symmetry with respect to the complex structure. By Cartan’s theorem
(cf. [12]), the automorphism group of a bounded domain in the complex Euclidean
space turns out to be a Lie group with the compat-open topology on the domain.
Greene and Krantz proved the following theorem for the semicontinuity property
of automorphism groups of bounded strongly pseudoconvex domains.
Theorem 1.2 ([14]). Let Ωj (j = 1, 2, ...) and Ω0 be bounded strongly pseudoconvex
domains in Cn with C∞-smooth boundary. Suppose that Ωj converges to Ω0 in
C∞-sense, that is, there exists a diffeomorphism ψj defined on a neighborhood of
Ω0 into C
n such that ψj(Ω0) = Ωj and ψj → Id in C
∞-sense on Ω0. Then for
every sufficiently large j, there exists a diffeomorphism φj : Ωj → Ω0 such that
φj ◦Aut(Ωj) ◦ φ
−1
j is a Lie subgroup of Aut(Ω0).
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Unlike the isometry group of a compact Riemannian manifold, the holomorphic
automorphism group on a bounded strongly pseudoconvex domain can be noncom-
pact, so the proof of Theorem 1.2 is divided into two cases; Either Aut(Ω0) is
compact or not. It turned out that the latter case is relatively simple, which is
the case of deformations of the unit ball by the Wong-Rosay theorem [25, 30]. The
main part of the proof of Theoem 1.2 is thus devoted to the case when Aut(Ω0)
is compact. Greene and Krantz proved this case by constructing a compact Rie-
mannian manifold (M, gj) which includes Ωj as a relatively compact subset and
whose isometry group contains the automorphism group of Ωj . Then Ebin’s the-
orem yields the conclusion. The Riemannian manifold (M, gj) is called a metric
double of Ωj .
This idea of proof is applicable to more general cases. One of reasonable ways
of generalization is to prove the semicontinuity property for more general class of
domains. In recent paper [13], the authors generalized Theorem 1.2 to finitely
differentiable cases. In [11], Greene and Kim proved that a partial generalization
is also possible even for some classes of non-strongly pseudoconvex domains.
The aim of the present paper is to obtain another generalization of Theorem 1.2.
According to Hamilton’s theorem in [16, 17], defomations of a bounded strongly
pseudoconvex domain with C∞-smooth boundary coincide with deformations of
complex structure on a given domain and they give rise to deformations of CR
structure of the boundary. Fefferman’s extension theorem [6] shows that every
holomorphic automorphism on a bounded strongly pseudoconvex domain with C∞-
smooth boundary extends to a diffeomorphism up to the boundary and hence gives
rise to a CR automorphism on the boundary. Conversely, a CR automorphism on
the boundary extends a holomorphic automorphism on the domain by the Bochner-
Hartogs extension theorem. It is also known that the compact-open topology of
the automorphism group of the domain coincides with the C∞-topology of the CR
automorphism group of the boundary (cf. [1]), if the holomorphic automorphism
group of the domain is compact. In this observation, it is natural to think of the
semicontinuity property for abstract strongly pseudoconevex CR manifolds under
deformations of CR structures, as a generalization of Theorem 1.2. We prove the
following theorem for CR automorphism groups when the limit structure has a
compact CR automorphism group.
Theorem 1.3. Let {Jk : k = 1, 2, . . .} be a sequence of C
∞-smooth strongly pseudo-
convex CR structures on a compact differentiable manifold M of dimension 2n+1,
which converges to a C∞-smooth strongly pseudoconvex CR structure J0 on M in
C∞-sense. Suppose that the CR automorphism group AutCR(M,J0) is compact.
Then there exists N > 0 and a diffeomorphism ϕk : M →M for each k > N such
that ϕk ◦AutCR(M,Jk) ◦ ϕ
−1
k is a Lie subgroup of AutCR(M,J0).
According to Schoen’s theorem [27]. AutCR(M,J0) is compact if and only if
(M,J0) is not CR euivalent with the sphere S
2n+1 with the standard CR structure.
One should notice that this condition is not necessary if 2n + 1 ≥ 5. Boutet
de Monvel showed in [2] that a CR structure on M which is sufficiently close to
the standard structure on S2n+1 is also embeddable in Cn+1, if 2n + 1 ≥ 5 in
contrast with 3-dimensional case (see [3, 23, 24, 25]). Therefore, if AutCR(M,J0) is
noncompact and 2n+1 ≥ 5, then the situation is reduced to the case of defomations
of the unit ball and follows immediately from Theorem 1.2.
The rest of this paper will be devoted to proving Theorem 1.3. Since we are
thinking about abstract CR manifolds, it is needed to develop an intrinsic way
of proof of this. Therefore, the main interest of Theorem 1.3 is not only in the
generalization but also in the intrinsic verification of the Greene-Krantz theorem.
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The main tool of the proof is the solution for the CR Yamabe problem about the
construction of pseudohermitian structures with constant Webster scalar curvature,
which is intensively studied for instance, in [4, 9, 10, 18, 19]. The subellipticity of the
CR Yamabe equation turned out quite useful in obtaining estimates of derivatives
of CR automorphisms by Schoen in [27]. We make use of various solutions for the
CR Yamabe problem - minimal solutions, local scalar flattening solutions and the
blowing-up solutions given by the Green funtions - developed in [7, 18, 19, 27] for
the proof.
2. Strongly pseudoconvex CR manifolds
In this section, we summarize fundamental facts on the strongly pseudoconvex
CR manifolds and pseudohermitian structures. The summation convention is al-
ways assumed.
2.1. CR and pseudohermitian structures. Let M be a smooth manifold of
dimension 2n + 1 for some positive integer n. A CR structure on M is a smooth
complex structure J on a subbundle H of the rank 2n of the tangent bundle TM
which satisfies the integrability condition. More precisely, the restriction of J on
a fibre Hp for a point p ∈ M is an endomorphism Jp : Hp → Hp which satisfies
Jp ◦Jp = −IdHp , varying smoothly as p varies, and the bundle of i-eigenspace H
1,0
of J in the complexification C⊗H satisfies the Frobenius integrability condition
[Γ(H1,0),Γ(H1,0)] ⊂ Γ(H1,0).
The subbundle H is called the CR distribution of J . A CR automorphism on M
is a smooth diffeomorphism F from M onto itself such that F∗H
1,0 = H1,0. We
denote by AutCR(M) the group of all CR automorphisms onM . A CR strucutre is
said to be strongly pseudoconvex if its CR distribution H is a contact distribution
and for a contact form θ, the Levi form Lθ defined by
Lθ(Z,W ) := −i dθ(Z,W )
for Z,W ∈ H1,0 is positive definite. It is known that C0-topology of AutCR(M)
coincides with C∞-topology for a compact strongly pseudoconvex CR manifold M ,
if AutCR(M) is compact with respect to C
0-topology. See [27] for the proof.
We call a fixed contact form for the CR distribution of a strongly pseudoconvex
CR structure a pseudohermitian structure. Let {Wα : α = 1, ..., n} be a local frame,
that is, Wα’s are sections of H
1,0 which form a pointwise basis for H1,0. We call a
collection of 1-forms {θα} the admissible coframe of {Wα}, if they are sections of
(H1,0)∗ and satisfy
θα(Wβ) = δ
α
β , θ
α(T ) = 0,
where T is the vector field uniquely determined by
θ(T ) = 1, T ydθ = 0,
which is called the characteristic vector field for θ. let gαβ¯ = Lθ(Wα,Wβ¯). Then
dθ = 2igαβ¯ θ
α ∧ θβ¯ ,
where {θα} is the admissible coframe for {Wα}.
Theorem 2.1 ([29]). There exist a local 1-form ω = (ωβ
α) and local functions Aαβ
uniquely determined by
dθα = θβ ∧ ωβ
α +Aαβ¯ θ ∧ θ
β¯ ,
dgαβ¯ = ωαβ¯ + ωβ¯α, Aαβ = Aβα.
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Here and the sequel, we lower or raise index by (gαβ¯) and (g
αβ¯) = (gαβ¯)
−1. A
connection ∇ defined by
∇Wα = ωα
β ⊗Wβ , ∇T = 0
is called the pseudohermitian connection or the Webster connection for θ. The
functions Aαβ are called the coefficients of the torsion tensor T. Let
dωα
β − ωα
γ ∧ ωγ
β ≡ Rα
β
γσ¯ θ
γ ∧ θσ¯ mod θ, θγ ∧ θσ, θγ¯ ∧ θσ¯.
We call Rα
β
γσ¯ the coefficients of the Webster curvature tensor R. Contracting
indices, we obtain the coefficients Rαβ¯ of the Webster Ricci curvature Ric and the
Webster scalar curvature S as follows:
Rαβ¯ = Rγ
γ
αβ¯ , S = Rαβ¯ g
αβ¯ .
The norm of the Webster curvature |R|θ is defined by
|R|2θ =
∑
α,β,γ,σ
|Rα
β
γσ¯|
2
where the frame is chosen so that gαβ¯ = δαβ¯ . We similarly define the norm of the
torsion tensor |T|θ.
A pseudohermitian strucutre defines a sub-Riemannian structure. The distance
function induced by a sub-Riemannian metric is called the Carnot-Carathe´odory
distance (cf. [28]). We denote by Bθ(x, r) the Carnot-Carathe´odory ball with
respect to the pseudohermitian structure θ of radius r > 0 centered at x ∈M .
The Heisenberg group Hn is a strongly pseudoconvex CR manifold Cn ×R with
the CR structure whose H1,0 bundle is spanned by
(2.1) Zα =
∂
∂zα
+ izα¯
∂
∂t
, α = 1, ..., n,
where (z, t) = (z1, ..., zn, t) is the standard coordinate system of Cn×R. It is well-
known that Hn is CR equivalent to the sphere in Cn+1 minus a single point. If we
put
(2.2) ϑ0 = dt− iz
α¯ dzα + izα dzα¯,
then it turns out the curvature and torsion tensors vanish identically. The converse
also follows from the solution of the Cartan equivalence problem.
Proposition 2.2. If the curvature and the torsion tensors of a pseudohermitian
manifold (M, θ) vanish identically, then the pseudohermitian structure of M is
locally equivalent to that of (Hn, ϑ0). If we assume more that M is simply connected
and complete in the sense that every Carnot-Carathe´odory ball is relatively compact
in M , then (M, θ) is globally equivalent to (Hn, ϑ0),
For a given pseudohermitian manifold (M, θ), we can extend the CR structure J
to a smooth section of endomorphism Jˆ on TM by putting Jˆ(T ) = 0, where T is the
characteristic vector field of θ. Let Jk, k = 1, 2, . . . and J0 be strongly pseudoconvex
CR structures on M with CR distributions Hk and H0, respectively. We say that
Jk conevrges to J0 in C
l-sense (l = 0, 1, 2, ...,∞), if there exists pseudohermitian
structure θk and θ0 for (M,Jk) and (M,J0) such that θk → θ0 and Jˆk → Jˆ0 in
Cl-sense as tensors on M .
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2.2. Pseudoconformal change of structures and the CR Yamabe equation.
Let (M, θ) be a (2n + 1)-dimensional pseudohermitian manifold and let θ˜ = e2fθ
be a pseudoconformal change, where f is a smooth real-valued function. Let {θα}
be an admissible coframe for θ satisfying dθ = 2igαβ¯ θ
α ∧ θβ¯ . Then it turns out
θ˜α = ef(θα + ifα θ), α = 1, ...n
form an admissible coframe for θ˜ which satisfies
dθ˜ = 2igαβ¯ θ˜
α ∧ θ˜β¯ .
LetRα
β
γσ¯ and R˜α
β
γσ¯ be coefficients of the Webster curvatures for θ and θ˜ evaluated
in the coframes {θα} and {θ˜α}, respectively. Then they are related as
R˜α
β
γσ¯ = e
−2f
{
Rα
β
γσ¯ − δα
β (fγσ¯ + fσ¯γ)− 2gασ¯ f
β
γ − 2fασ¯δ
β
γ(2.3)
−
(
fβα + fα
β
)
gγσ¯ − 4
(
δα
β gγσ¯ + gασ¯ δ
β
γ
)
fλfλ
}
where fαβ¯ , fα
β and fβα are components of the second covariant derivatives of
f of the pseudohermitian manifold (M, θ) (cf. Proposition 4.14 in [20] for more
general case). Contracting indices, we obtain the following transformation formula
for Webster the scalar curvatures:
(2.4) S˜ = e−2f
{
S + 2(n+ 1)∆θf − 4n(n+ 1)f
λfλ
}
where ∆θf = −
(
fα
α + fα¯
α¯
)
. The operator ∆θ is called the sublaplacian for θ.
Let u be a positive smooth function on M defined by up−2 = e2f , where p =
2 + 2/n. Then (2.4) changes into the following nonlinear equation for u:
(2.5) Lθu := (bn∆θ + S)u = S˜ u
p−1,
where bn = 2 + 2/n (see [18, 19, 22]). Equation (2.5) is called the CR Yamabe
equation and the subelliptic linear operator Lθ is called the CR Laplacan for θ.
The CR Yamabe problem is to find a positive smooth function u which makes S˜
constant.
Let Aαβ¯ and A˜
α
β¯ be the coefficients of the torsion tensors for θ and θ˜ in the
coframes {θα} and {θ˜α}, respectively. Then in turns out that
(2.6) A˜αβ¯ = e
−2f
(
Aαβ¯ − if
α
β¯ + 2if
αfβ¯
)
.
See [22]. for details.
2.3. Folland-Stein spaces and subelliptic estimates. Roughly speaking, a
normal coordinate system of a pseudohermitian manifold (M, θ) of dimension (2n+
1) is a local appoximation by the standard pseudohermitian structure on the Heisen-
berg group (Hn, θ0). For p ∈M , let W1, ...,Wn be a local frame defined on a neigh-
borhood V of p such that the coefficients of the Levi form for θ is gαβ¯ = δαβ¯ . Such
a frame is called a unitary frame. We denote by T the characteristic vector field
for θ. Let (z, t) be the standard coordinates of Hn and let |(z, t)| = (|z|4 + t2)1/4
the Heisenberg group norm. Zα and θ0 are defined on H
n as (2.1) and (2.2). Then
Theorem 2.3 ([8]). There is a neighborhood of the diagonal Ω ⊂ V × V and a
C∞-smooth mapping Θ : Ω→ Hn satisfying:
(a) Θ(ξ, η) = −Θ(η, ξ) = Θ(η, ξ)−1 . (In particular, Θ(ξ, ξ) = 0.)
(b) Let Θξ(η) = Θ(ξ, η). Then Θξ is a diffeomorphism of a neighborhood Ωξ of
ξ onto a neighborhood of the origin in Hn. Denote by y = (z, t) = Θ(ξ, η)
the coordinates of Hn. Denote by Ok (k = 1, 2, . . .) a C∞ function f of ξ
and y such that for each compact set K ⊂ V , there is a constant CK , with
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f(ξ, y) ≤ CK |y|
k (Heisenberg norm) for ξ ∈ K. Then we have the following
approximation formula.
(Θ−1ξ )
∗θ = θ0+O
1dt+
n∑
α=1
(O2dzα+O2dzα¯), (Θ−1ξ )
∗(θ∧dθn) = (1+O1)θ0∧dθ
n
0 ,
Θξ∗Wα = Zα +O
1E(∂z) +O
2E(∂t), Θξ∗T = ∂/∂t+O
1E(∂z, ∂t),
Θξ∗∆θ = ∆θ0 + E(∂z) +O
1E(∂t, ∂
2
z) +O
2E(∂z∂t) +O
3E(∂2t ).
Here OkE indicates an operator involving linear combinations of the indicated deriva-
tives with smooth coefficients in Ok, and we have used ∂z to denote any of the
derivatives ∂/∂zα, ∂/∂zα¯.
The smooth map Θξ is called the Folland-Stein normal coordinates centered at ξ
with respect to the frame {Wα}. (This coordinate system depends on the choice of
local unitary frame. Another construction of pseudohermitian normal coordinates
which does not depend on local frames is given in [19].) Here and in the sequel, we
use the term frame constants to mean bounds on finitely many derivatives of the
coefficients in the OkE terms in Theorem 2.3.
Let V be an open neighborhood of a point p ∈ M with a fixed local unitary
frame W1, ...,Wn and let U be a relatively compact open neighborhood of p in
V such that Ωξ in Theorem 2.3 contains U for every ξ ∈ U . Let Xα = ReWα
and Xα+n = ImWα for α = 1, ..., n. For a multiindex A = (α1, ..., αk), with
1 ≤ αj ≤ 2n, j = 1, ..., k, we denote k by ℓ(A) and denote X
Af = Xα1 · · ·Xαkf for
a smooth function f on U . The Spk(U)-norm of a smooth function f on U is
‖f‖Spk(U) = sup
ℓ(A)≤k
‖XAf‖Lp(U),
where ‖g‖Lp(U) =
(∫
U |g|
p θ ∧ dθn
)1/p
is the Lp-norm of g on U with respect to the
volume element induced by θ. The completion of C∞0 (U) with respect to ‖ · ‖Spk(U)
is denoted by Spk(U).
Ho¨lder type spaces suited to ∆θ is also defined as follows. For x, y ∈ U , let
ρ(x, y) = |Θ(x, y)| (Heisenberg norm). For a positive real number 0 < s < 1,
Γs(U) = {f ∈ C
0(U) : |f(x)− f(y)| ≤ Cρ(x, y)s for some constant C > 0}.
If s is a positive non-integral real number such that k < s < k+ 1 for some integer
k ≥ 1, then
Γs(U) = {f ∈ C
0(U) : XAf ∈ Γs−k(U), ℓ(A) ≤ k}.
Then Γs(U)-norm for f ∈ Γs(U) is defined by
‖f‖Γs(U) = sup
x∈U
|f(x)| + sup
{
|XAf(x)−XAf(y)|
ρ(x, y)s−k
: x, y ∈ U, x 6= y, ℓ(A) ≤ k
}
.
The function spaces Spk(U) and Γs(U) are called the Folland-Stein spaces on U .
We denote by Λs(U) the Euclidean Ho´lder space when we regard U as a subset of
R2n+1.
Theorem 2.4 ([8]). For each positive real number s which is not an integer, each
1 < r <∞ and each integer k ≥ 1, there exists a constant C > such that for every
f ∈ C∞0 (U),
(a) ‖f‖Γs(U) ≤ C‖f‖Srk(U), where 1/r = (k − s)/(2n+ 2),
(b) ‖f‖Λs/2(U) ≤ C‖f‖Γs(U),
(c) ‖f‖Sr
2
(U) ≤ C(‖∆θf‖Lr(U) + ‖f‖Lr(U)),
(d) ‖f‖Γs+2(U) ≤ C(‖∆θf‖Γs(U) + ‖f‖Γs(U)).
Moreover the constant C depends only on frame constants.
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One should notice that the constants C in the theorem above depend on frame
constants rarther than the pseudohermitian structure itself. Therefore, if U is a
small neighborhood (J0, θ0) in C
∞-topology, then we can choose constants C in
Theorem 2.4 which are independent of choice (J, θ) ∈ U . This fact will be same for
all theorems in this paper about some norm estimates with constants depending on
frame constants.
IfM is compact, we can choose a finite open covering U1, ..., Um each of which is
contained in a normal coordinates. Let φ1, ..., φm be a partition of unity subordinate
to this covering. Then the spaces of Spk(M) and Γs(M) are defined as spaces
of function u such that φju ∈ S
p
k(Uj) or φju ∈ Γs(Uj), respectively, for every
j = 1, ...,m.
3. Proof of Theorem 1.3
The proof of Theorem 1.3 is based on the following fundamental fact about the
semicontinuity property of compact group actions proved by Ebin in [5] for Theorem
1.1. We denote by Diff(M) the group of C∞-smooth diffeomorphisms. Recall that
the C∞-topology on Diff(M) is metrizable. We denote a metric inducing the C∞-
topology by d.
Theorem 3.1 ([5]; cf. [12, 13, 15, 21]). Let M be a compact C∞-smooth manifold
and let Gk (k = 1, 2, . . .) and G0 be compact subgroups of Diff(M). Suppose Gj →
G0 in C
∞-topology as j → ∞, that is, for every ǫ > 0, there exists an integer N
such that d(f,G0) := infg∈G0 d(f, g) < ǫ for every f ∈ Gj, whenever j > N . Then
Gj is isomorphic to a subgroup of G0 for every sufficiently large j. Moreover, the
isomorphism can be obtained by the conjugation by a diffeomorphism ϕj of M which
converges to the identity map in C∞-sense.
Therefore, it suffices to prove the following proposition for the conclusion of
Theorem 1.3.
Proposition 3.2. Let {Jk : k = 1.2. . . .} be a sequence of strongly pseudoconvex
CR structures on a compact manifold M which tends to a strongly pseudoconvex
CR structure J0 as in Theorem 1.3. Suppose that AutCR(M,J0) is compact. Then
AutCR(M,Jk) is also compact for every sufficiently large k. Futhermore, every
sequence {Fk ∈ AutCR(M,Jk) : k = 1, 2, . . .} admits a subsequence converging to
an element F ∈ AutCR(M,J0) in C
∞-sense.
We will make use of the solutions of the CR Yamabe problem for the proof of
Proposition 3.2. According to the variational approach introduced by Jerison-Lee
in [18, 19], it is very natural to consider the sign of CR Yamabe invariant defined
as follows: Let (M, θ) be a compact pseudohermitian manifold. For a C∞-smooth
real-valued function u,
A(θ;u) :=
∫
M
uLθu θ ∧ dθ
n =
∫
M
(bn|du|
2
θ +Ru
2) θ ∧ dθn
and let
B(θ;u) :=
∫
M
|u|p θ ∧ dθn.
Then the CR Yamabe invariant Y (M) is defined by
Y (M) := inf{A(θ;u) : u ∈ C∞(M), B(θ;u) = 1}.
It is well-known that Y (M) does not depend on the choice of contact form θ. Let Jk
be a sequence of strongly pseudoconvex CR structures on M tending to a strongly
pseudoconvex CR structure J0 as k → ∞. We denote by Yk the CR Yamabe
invarint of (M,Jk). For the proof, we may assume either that Yk ≤ 0 for every k
or that Yk > 0 for every k.
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3.1. Case Yk ≤ 0. In this case, we use the minimal solution of the Yamabe problem.
Theorem 3.3 ([18]). Let M be a compact strongly pseudoconvex CR manifold of
dimension 2n+ 1. Then
(i) Y (S2n+1) > 0, where Y (S2n+1) is the CR Yamabe invariant for the sphere
S2n+1 with the standard structure.
(ii) Y (M) ≤ Y (S2n+1),
(iii) If Y (M) < Y (S2n+1), then there exists a positive C∞-smooth fuunction u
which satisfies that B(θ;u) = 1 and A(θ;u) = Y (M) for a given pseudo-
hermitian structure θ. This function u satisfies
Lθu = Y (M)u
p−1.
That is, the pseudohermitian structure θ˜ = up−2θ has a constant Webster
scalar curvature R˜ = Y (M).
It is known in [19] that Y (M) < Y (S2n+1) if M is not locally spherical and
2n+ 1 ≥ 5. The cases that 2n+ 1 = 3 or M is spherical are dealt by Gamara and
Gamara-Yacoub in [9, 10].
Proposition 3.4 (Theorem 7.1 in [18]). If Y (M) ≤ 0, then a pseudohermitian
structure with constant Webster scalar curvature is unique up to constant multiples.
As a consequnce, there is a unique pseudohermitian structure with constant Webster
scalar curvature under the unit volume condition, if Y (M) ≤ 0.
Proposition 3.5 (Theorem 5.15 in [18]). Let M be a compact strongly pseudocon-
vex CR manifold of dimension 2n + 1 and let θ be a pseudohermitian structure.
Suppose that f, g ∈ C∞(M), u ≥ 0, u ∈ Lr for some r > p = 2 + 2/n and
∆θu+ gu = fu
q−1
in the distribution sense for some 2 ≤ q ≤ p. Then u ∈ C∞(M), u > 0. Futher-
more, ‖u‖Ck depends only on ‖u‖Lr , ‖f‖Ck, ‖g‖Ck and frame constants, but not on
q.
Indeed. the above lemma is stated in a local version in [18]. But it is obvious
it holds globally by taking a partition of unity subordinate to a chart of normal
coordinates.
Proposition 3.6 (Case k = 1, r = 2 and s = p in Proposition 5.5 of [18]). For
a compact pseudohermitian manifold (M, θ) of dimension 2n + 1, there exists a
constant C > 0 such that∫
M
|v|p θ ∧ dθn ≤ C
∫
M
(|dv|2θ + |v|
2)θ ∧ dθn
for every C∞-smooth function v on M .
Since we are considering CR structures converging to the target structure J0, we
can choose also a sequence {θk} of contact forms which tends to a target pseudo-
hermitian structure θ0 in C
∞-sense. Without loss of generality, we always assume
that
∫
M θk ∧ dθ
n
k = 1 for every k.
Lemma 3.7. Suppose that Yk ≤ 0 for every k. Let uk > 0 be the (unique) solution
as in (iii) of Theorem 3.3 with respect to (Jk, θk). Then for each nonnegative integer
l, there exists a constant C such that ‖uk‖Cl ≤ C for every k.
Proof. Since uk satisfies
(3.1) bn∆θkuk +Rkuk = Yku
p−1
k ,
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where Rk is the Webster scalar curvature for θk, we have∫
M
p− 1
2
bnu
p−2
k |duk|θkθk ∧ dθ
n
k ≤
∫
M
|Rku
p
k|θk ∧ dθ
n
k
by integrating after multiplying up−1k to the both side of (3.1), since Yk ≤ 0. There-
fore, the function wk := u
p/2
k satisfies∫
M
|dwk|
2
θk
θk ∧ dθ
n
k ≤ C
∫
M
w2k θk ∧ dθ
n
k = C
∫
M
upk θk ∧ dθ
n
k = C,
since Rk is bounded uniformly for k. Moreover since (Jk, θk) → (J0, θ0) in C
∞-
sense, Proposition 3.6 implies that there exists a constant C > 0 independent of k
such that ∫
M
wpk θk ∧ dθ
n
k ≤ C
∫
M
(|dwk|
2
θk + w
2
k) θk ∧ dθ
n
k ,
which is uniformly bounded for every k. This implies that ‖uk‖Lr is uniformly
bounded as (Jk, θk) → (J0, θ0), where r = p
2/2 > p. Then the conclusion follows
from Proposition 3.5, since frame constants for (Jk, θk) are also uniformly bounded
as (Jk, θk)→ (J0, θ0) in C
∞-sense. 
If Yk ≤ 0 for every k ≥ 1, then by taking a subsequnce, we may assume the
sequence {uk} of solutions of the Yamabe problem with respect to (Jk, θk) converges
to u0, the solution of the Yamabe problem with respect to (J0, θ0) in C
∞-sense by
Lemma 3.7. Replacing θk by u
p−2
k θk, then we may assume the Webster scalar
curvature of θk is a nonpositive constant for every k. In this case, it is known
that the CR automorphism group of (M,Jk) coincides with the pseudohermitian
automorphism group for (M,Jk, θk). Let gk be the Riemannian metric onM defined
by
gk = θk ⊗ θk + dθk(·, Jk·)
for each k. Then we see that gk → g0 = θ0 ⊗ θ0 + dθ0(·, J0·) in C
∞-sense, and the
CR automorphism groups AutCR(M,Jk) and AutCR(M,J0) are subgroups of the
isometry groups of gk and g0, respectively. Then the conclusion follows from the
proof of Theorem 1.1.
3.2. Case Yk > 0. We start from proving that it is enough to considerC
0-convergence
instead of C∞-convergence.
Lemma 3.8. Suppose for a sequence {Fk ∈ AutCR(M,Jk)}, Fk → F and F
−1
k →
G in C0-sense for some continuous mappings F and G. Then F ∈ AutCR(M,J0),
G = F−1 and Fk → F in C
∞-sense.
Proof. This lemma is a sequential version of Proposition 1.1’ in [27]. Let θk and
θ0 be pseudohermitian structures for Jk and J0, respectively and suppose θk → θ0
in C∞-sense. For a given point p ∈ M , let qk = Fk(p) and q = F (p). Let
q ∈ U˜ ⊂⊂ V˜ ⊂⊂ W˜ be relatively compact neighborhoods of q. Since qk → q, we
can assume that qk ∈ U˜ for every k. The fact Yk > 0 implies that the principal
eigenvalue of Lθk on M and hence the Dirichlet principal eigenvalue of Lθk on W˜
are also positive for every k. Then the local scalar flattening argument by Fischer-
Colbrie and Schoen (see [7, 27]), we have a positive C∞-smooth function uk on W˜
such that Lθkuk = 0 on W˜ for every k. Multiplying a positive constant, we may
assume that uk(q) = 1 for every k. Then the subelliptic theory Theorem 2.3 for
sublaplacian and the Harnack principle (cf. Proposition 5.12 in [18]) imply that
{uk} has a convergent subsequence which tends to a positive function u0 on the
closure of V˜ in C∞-sense. We denote the convergent subsequence by {uk} again.
Then θ˜k = u
p−2
k θk and θ˜0 = u
p−2
0 θ0 have the trivial Webster scalar curvatures on
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V˜ . From the equicontinuity of the sequence {Fk}, we can choose a neighborhood
W of p such that Fk(W ) ∈ U˜ for every k. Let vk be a positive smooth function on
V defined by F ∗k θ˜k = v
p−2
k θk. Then for every k, we have
(3.2) Lθkvk = 0 on W.
We denote by Volθ˜k(U˜) be the volume of U˜ with respect to the volume form θ˜k∧dθ˜
n
k .
Since θ˜k → θ˜0 in C
∞-sense in V˜ , there exists a uniform bound C of Volθ˜k(U˜).
Therefore, it turns out that∫
W
vpk θk ∧ dθ
n
k =
∫
W
F ∗k (θ˜k ∧ dθ˜k) = Volθ˜k(Fk(W )) ≤ Volθ˜k(U˜) ≤ C
for every k. Fix a neighborhood V ⊂⊂ W of p. Then the subelliptic mean-value
inequality for (3.2) implies that there exists a constant C such that vk(x) ≤ C for
every x ∈ V . We can also choose this C indepedently on k by the convergence
of structures. Then for a given neighborhood U ⊂⊂ V of p and for each positive
integer l, there exists a constant Cl which is independent of k such that
‖vk‖Cl(U) ≤ Cl
for every k, by Theorem 2.3. Since each Fk is pseudoconformal, the C
l-norm of
Fk on U is completely determined by that of vk and is uniformly bounded on U .
This yields that every subsequence of {Fk} contains a subsequence converging in
Cl-sense, for every positive integer l. Since Fk converges to F in C
0-sense onM and
sinceM is compact, we conclude that Fk converges to F in C
∞-sense. By the same
reason, F−1k → G in C
∞-sense. It follows immediately that F ∈ AutCR(M,J0) and
G = F−1. 
For a CR diffeomorphism F : (M, θ) → (M˜, θ˜) between two pseudohermitian
manifolds, we denote by |F ′|θ,θ˜ the pseudoconformal factor of F , thaat is, F
∗θ˜ =
|F ′|θ,θ˜ θ. We abbreviate it to |F
′|θ in case (M, θ) = (M˜, θ˜).
Lemma 3.9. Let (M, θ) and (M˜, θ˜) be pseudohermitian manifolds of same dimen-
sion. Let K be a relatively compact subset of M and suppose that the Webster scalar
curvature for θ˜ vanishes on M˜ . Then there exist constants r0 > 0 and C > 0 such
that for every CR diffeomorphism F on a Carnot-Carathe´odory ball Bθ(x, r) into
M ,
Bθ˜(F (x), C
−1λr) ⊂ F (Bθ(x, r)) ⊂ Bθ˜(F (x), Cλr)
whenever x ∈ K and r ≤ r0/2, where λ = |F
′|θ,θ˜(x). The constant C depends only
on r0, K and uniform bounds of finite order derivatives of the CR and pseudoher-
mitian structures of (M, θ).
This lemma is a restatement of (i) of Proposition 2.1’ in [27], which is a conse-
quence of the subelliptic Harnack principle.
Assume the contrary to the conclusion of Proposition 3.2 for the proof. Then
there exisrs a sequence {Fk ∈ AutCR(M,Jk)} such that supx∈M |F
′
k|θk(x)→∞ as
k → ∞, thanks to Lemma 3.8. Let xk ∈ M be a point of M with |F
′
k|θk(xk) =
supx∈M |F
′
k|θk(x). Extracting a subsequence, we assume that xk → x0 ∈ M and
Fk(xk)→ z0 as k→∞. Choose r > 0 small enough that the Carnot-Carathe´odory
balls satisfy Bθk(xk, r) ⊂⊂ Bθk(xk, 2r) ⊂⊂ U for each k, where U is a relatively
compact neighborhood of x0 in M , and 2r < r0 for r0 given in Lemma 3.9.
Lemma 3.10. There exists a subsequence {Fkj : j = 1, 2, ...} of {Fk : k = 1, 2, ..}
which admits a point y0 ∈ M such that for every compact subset K in M \ {y0},
there exists N > 0 such that K ⊂ Fkj (Bθkj (xkj , 2r)) if kj > N . Moreover, for the
subsequence, one can choose the point y0 independently of r > 0 as r → 0.
SEMICONTINUITY PROPERTY FOR AUTOMORPHISM GROUPS 11
Proof. Suppose that for every r > 0, there exists no sequence {yk ∈M\Fk(Bθk(xk, 2r))}
such that d(yk, Fk(xk)) > ǫ for any given ǫ > 0, where d is the sub-Riemannian dis-
tance induced from θ0. Then it turns out every sequence {yk ∈M \Fk(Bθk(xk, 2r))}
converges to z0. In this case, we just need to put y0 = z0.
Now supose that for some r > 0, there exists a sequence {yk ∈M\Fk(Bθk(xk, 2r))}
such that d(yk, Fk(xk)) > ǫ for infinitely many k for some ǫ > 0. Extracting a sub-
sequence, we may assume that yk → y0 ∈ M and d(yk, Fk(xk)) > ǫ for every k
so that the sequence {Fk(xk)} is relatively compact in M \ {y0}. Let Gk be the
Green function for Lθk with pole at yk. Existence of the Green function follows
from the fact that Yk > 0 (see for instance, [4, 9]). We normalize Gk by the condi-
tion minM\{yk}Gk = 1. Since each Gk > 0 and LθkGk = 0 on M \ {yk}, we may
assume {Gk : k = 1, 2, ...} converges to a positive function G0 on M \ {y0} in local
C∞-sense, by extracting a subsequence if necessary. Let θ˜k = G
p−2
k θk. Then θ˜k is a
pseudohermitiaan structure on M \ {yk} which is Webster scalar flat. Therefore, if
we denote λk = |F
′
k|θk,θ˜k(xk), then Lemma 3.9 implies that there exists a constant
C independent of k such that
Bθ˜k(Fk(xk), C
−1λkr) ⊂ Fk(Bθk(xk, r)) ⊂ Bθ˜k(Fk(xk), Cλkr)
Since Gk ≥ 1 and |F
′
k|θk(xk)→∞, λk also tends to infinity as k →∞. Therefore,
a relatively compact subset K in M \ {y0} should be included in Fk(Bθk(xk, r)) for
every sufficiently large k, since Fk(xk) lies on a fixed relatively compact subset of
M \ {y0} and θ˜k → θ˜0 = G
p−2
0 θ0 in local C
∞-smooth sense on M \ {y0}. Note that
the choice of the sequence {yk} and y0 still works for every r
′ ≤ r. This yields the
independence of y0 on r as r → 0. 
As a consequence of Lemma 3.10, it turns out that M \ {y0} is simply connected
and complete with respect to the sub-Riemannian distance induced by θ˜0.
Extracting a subsequence, we assume Lemma 3.10 holds for the entire sequence
{Fk}. Choose yk ∈ M \ Fk(Bθk(xk, 2r)) which tends to y0. Let vk and fk be
real-valued functions on Bθk(xk, 2r) defined by
vp−2k = |F
′
k|θk,θ˜k = e
2fk ,
where Gk is the normalized Green function for Lθk with pole at yk which converges
to a positive function G0 in local C
∞-smooth sense on M \ {y0} as k → ∞, and
θ˜k = G
p−2
k θk. Since Lθkvk = 0, we see that there exists a constsnt C independent
of k such that |F ′k|θk,θ˜k ≥ Cλk on Bθk(xk, r) by the Harnack principle, where
λk = |F
′
k|θk,θ˜k(xk). Let {Zk ∈ Γ(H
1,0
k )} be a sequence of vector fields on U which
tends to Z0 ∈ Γ(H
1,0
0 ) as k → ∞, where H
1,0
k represents the (1, 0)-bundle with
respect to Jk. Since fk =
1
n log vk, we have
Zkfk =
Zkvk
nvk
for every k. Since Lθkvk = 0 on Bθk(xk, 2r), the subellitic estimates Theorem 2.4
implies that Zkfk is uniformly bounded on Bθk(xk, r) for every k. So is Zkfk,
and if Wk is another sequence of vector fields, then ZkWkfk and ZkW kfk are all
uniformly bounded on Bθk(xk, r) as k →∞. Therefore, if we denote by Rk and R˜k
the Webster curvature tensors for θk and θ˜k respectively, then (2.3) implies that
|R˜k|
2
θ˜k
(Fk(x)) ≤ Cλ
−2
k
{
|Rk|
2
θk(x) +Ak|Rk|θk(x) +Bk
}
for every x ∈ Bθk(xk, r), where Ak and Bk are some functions of the first and
second covariant derivatives of fk with respect to the pseudohermitian structure θk,
which are uniformly bounded on Bθk(xk, r) as k →∞. Since λk →∞ and |Rk|θk is
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uniformly bounded on Bθk(xk, r) for every k, it turns out that |R˜k|θ˜k → 0 uniformly
on every compact subset of M \ {y0} by Lemma 3.10. Therefore, we see that the
pseudohermitian manifold (M \ {y0}, θ˜0) has trivial Webster curvature. Similar
argument with (2.6) implies that the torsion tensor of θ˜0 is also trivial. Therefore,
we can conclude that (M \ {y0}, θ˜0) is equivalent to the standard pseudohermitian
structure of the Heisenberg group and therefore, (M,J0) is CR equivalent to the
sphere by the removable singularity theorem. This contradicts to the hypothesis
that AutCR(M,J0) is compact and hence yields the conclusion of Proposition 3.2
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